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Equality solve mismatch and order details, for

RESIDUAL-DRIVEN ADAPTIVE MULTI-RATE QUADRATIC PROGRAMMING
FRAMEWORK FOR NONLINEAR ANALOG AUDIO CIRCUIT EMULATION

Starting from eq. (20) in the paper, we re-state the equality solve mismatch

A(k)
eq ∆zk = ek, ∆zk = zk − zk−1.

where the equality matrix and the corresponding vector are

A(k)
eq =

I− hkA −hkG
−D H
0 Jk−1

 , b(k)
eq =

 xk−1 + hkBuk
Euk

hkKkη(qk−1) + Jk−1qk−1

 .

Therefore,
A(k)

eq ∆zk = A(k)
eq zk −A(k)

eq zk−1 = b(k)
eq −A(k)

eq zk−1.

Now,

A(k)
eq zk−1 =

I− hkA −hkG
−D H
0 Jk−1

[
xk−1

qk−1

]
=

xk−1 − hkAxk−1 − hkGqk−1

−Dxk−1 +Hqk−1

Jk−1qk−1

 .

Hence,

ek = b(k)
eq −A(k)

eq zk−1 =

���xk−1 + hkBuk −���xk−1 + hkAxk−1 + hkGqk−1

Euk +Dxk−1 −Hqk−1

hkKkη(qk−1) +�����Jk−1qk−1 −�����Jk−1qk−1

 .

Using the constraint at the previous step (eq. (10b) in the paper),

−Dxk−1 +Hqk−1 = Euk−1,

and taking eq. (18)

Kk = − I

hk
,

we obtain

ek =

hk (Axk−1 +Buk +Gqk−1)
E (uk − uk−1)
−η(qk−1)

 :=

e1e2
e3

 .
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Bounds on the three mismatch terms

For the first term,

∥e1∥ = ∥hk (Axk−1 +Buk +Gqk−1)∥ = hk ∥Axk−1 +Buk +Gqk−1∥ ,

∥e1∥ ≤ hk (∥Axk−1∥+ ∥Buk∥+ ∥Gqk−1∥) = hk (∥A∥∥xk−1∥+ ∥B∥∥uk∥+ ∥G∥∥qk−1∥) ,

then, from the bounds on the signals (Section 3.1 in the paper)

⇒ ∥e1∥ ≤ hk (∥A∥Xmax + ∥B∥Umax + ∥G∥Qmax) .

Thus,
∥e1∥ ∼ O(hk).

For the second term, using again the bounds on the signals established in Section 3.1 of the paper

∥E(uk − uk−1)∥ ≤ ∥E∥ ∥uk − uk−1∥ ≤ ∥E∥UBLhk.

Therefore,
∥e2∥ ∼ O(hk).

For the third term,
∥−η(qk−1)∥ = ∥η(qk−1)∥ ∼ O(h2k−1),

by induction, i.e., if we assume the proposition that the residual scales quadratically with respect
to the step-size to be true, then the previous statement holds, inductively.
Moreover, if (from eq. (17) in the paper)

hk
hk−1

≥ 1

γh
,

then
γhhk ≥ hk−1.

Hence,
∥e3∥ ∼ O(h2k−1) ⇒ ∥e3∥ ≤ Ch2k−1 ≤ Cγ2hh

2
k,

and therefore
∥e3∥ ∼ O(h2k).

Finally,
∥ek∥ ≤ ∥e1∥+ ∥e2∥+ ∥e3∥ ≤ O(hk) +O(hk) +O(h2k).

Hence, the order of ∥ek∥ will be the max order of the three terms which, given 0 < hk < 1, is O(hk).
Consequently,

∥ek∥ ∼ O(hk).
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