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Circuit matrix derivations for

RESIDUAL-DRIVEN ADAPTIVE MULTI-RATE QP EMULATION OF
NONLINEAR ANALOG CIRCUITS FOR AUDIO
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Figure 1: Diode clipper circuit.

Circuit equations using the quantities defined in Figure 1:

VD1 + VD2 - VC = 07 (13‘)
Vin — VC
<~ Ip, — I =0, (1b)
Ip, — Ip, = 0.

Change of variables:

f1 Vb,
e=Ve, u=Vi, y=Vau=Ve, q=|%|=|"P:
a3 Ip,
qa Ip,
Under (2), equations (1b), (1a) and (1c¢) respectively become:
i
YT TRe" T RC" T C®
q1+q2 =, (3b)
93 — q4 =



From (3a)-(3c) and (2), the state, linear constraint and output matrices are extracted as:

1 1
A=-55  B=4o G=[0 0 -1/C 0],

110 0 1 0
mefyod ) el el

M=1, L=0, N=[0 0 0 0].

These, alongside the nonlinear constraints and Jacobian:

(q) = |81 (en/OVD) —1)] _ o dm(a) _ L5 | —e®/00) 0 o 5
na) = q4 — I (e‘h/(nVT) — 1) - dq - nVp 0 _qu/(nVT) 0 nZT )
define the complete model for the diode clipper circuit.
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Figure 2: Common-emitter amplifier circuit.
Circuit equations using the quantities defined in Figure 2:
Vin = Ve, — Rilg, =0,

Rilg, — Ve — R2lg =0,
Ve — Ralgr, =0,
Ve = Ve, =0,
Vo — R3lg, — Vo, — Rslcy =0,



I, =1Ip, +Ip+ Ig, + Ic,, (6f

)

Iry +1Icy, +Ip, = Ic + Icy, (6g)

Ig=Ip — I, (6h)

Vo — R3lRr, + Vo, — Rilg, =0, ()

Vout = Rslcy, (6)

Io, = C1Ve,, (6k)

Ic, = CoVe,, (61)

Ic, = C3Vg,. (6m)

Change of variables:

T VBE

o I P R | e
- Ve, 2 2 a3 E
4 Ic

Under (7), equations (6a)—(61) become:

Uy — I — R1[R1 = 0, (8&)
RiIr, —q1 — Raq3 =0, (8b)
q2 — R4IR4 = Oa (80)
qo — Ty = 0, (8d)
u2 — R3IR3 — X3 — R5Cgf€3 = O, (86)
Criy = Ir, +q3 — q4 + IR, + Cao, (8f)
Ir, + Coio + Ir, = qu + Csi3, (8g)
U — RgIRS +x9 — R1lp, =0. (Sh)
From (8a) and (8c):
1 1 1
Ip, = —— — Ip, = —qo. 9
Ry i 1+ i ui, Ry s q2 (9)
Adding (8a) and (8b):
up — o1 — q1 — Ragqz = 0. (10)
From (8e), (8g) and (8c¢)
. . R3
R3Cot9 — (R3 + R5)03373 — X3+ qu — R3qq +u2 = 0. (11)
From (8a) and (8f):
1 1 1
Ciiy = ——a1 + — — @1+ —q2 + Chis. 12
171 R1w1 + Rlul +q3—qa+ R4Q2 + Cax2 (12)
From (8h) and (8g):
. ) R3
R3Co29 — R3C303 + 2 + 71 + B2~ R3qs — uy +ug = 0. (13)
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Subtracting (13) from (11):

—R5C323 — x3 — 20 — 1 +u1 = 0, (14)
S0
. 1 1 1 n 1 (15)
I3 = — o To — x: uy.
T TRsCs ' RsCs 7 RsC3 U RsCy !
Substituting (15) in (11):
i ——R3+R51‘—R3+R5$—|—< 1 —R3+R5>1‘
? R3RsCy ' R3RsCy > \R3Cy R3RsCy) " ° (16)
B n i + Rs3 + R5u B 1 v
RiCy P T M T RaRyCy T ReCy
Equivalently,
. 1 ( 1 + 1 ) 1 < 1 n 1 > 1
fo=——|=—+—=]x1— | —=—+—= |22 — x
? Co\Rs  Rs)"' Cy\Rs Rs) > RsCy° a7
1 n 1 n 1 1 n 1 1
— — — =4+ = )u — iy
RGP T M T oy \ Ry TR )T Ry ™
Substituting (17) in (12):
S N S T O W Y S 8 1
T T \R TR R)T'V TG \Rs T Rs)TPT Ry 18)
n 1 + 1 1 + 1 n 1 1
— — =4+ =+ = u — Uus.
OB \R TRy TRy )M T ReCy
From (18), (17) and (15) the state matrices are extracted as:
SN ZE S S R U U R
Ci \Ri Rz R;s Ci \R3 Rs R5Cy
1 1 1 1 1 1 1
A= N =4+ = — , 19a
Cy (R3 + R5> Cy R3 + R;5 R5CQ ( )
1 1 1
L R503 R503 R5C3-
-i i + i + i L] 1
Ci \Ry Rs R; R3Cq 0 0 — 0
1 /1 1 1 €1
B <+> |, e=|, L , L (19b)
Cy R31 R;5 R3C5 R,C Cy
0 0 0 0 0
L R5C5 J
From (8d) and (10) the linear constraint matrices are extracted as:
|1 0 Ry O [-1 00 |10
R PR T R F R P &
From (6j), (6m), and (15):
Yy = R5C3i3 = —x1 — ©9 — 13 + uq. (21)
And the output matrices are extracted as:
M=[-1 -1 -1], L=[1 0, N=[0 0 0 0]. (22)
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These, alongside the nonlinear constraints (exact Ebers-Moll model for the BJT transistor) and
Jacobian:

g3 — Ig (€Q1/VT _ qu/VT) + i (e(Il/VT _ 1)

n(q) = Pr , (23a)
g1 — Ig (eql/VT _ eq2/VT) _ BiR (eq2/VT _ 1)
1 Vir
—[1+ ——)en/Vr a2/Vr 200
dn(q) _Is ( " ﬂF) ‘ ‘ Is (23b)
dq Vr _et/Vr (1 + 1) e®/Vr ﬁ
Br Is

define the complete model for the common-emitter amplifier circuit.
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Figure 3: Colpitts oscillator circuit. Inductors are assumed to have a small in-series resistance R.

Circuit equations using the quantities defined in Figure 3:

Vo, +V, — I, R—Vg, =0, (24a)
Ve, + Ve, — In Ry =0, (24b)
In Ri — Vi — In,Rs = 0, (24c)
In,Rs = Vi, (24d)

Vin —Ip,R3s — Ig, R1 =0, (24e)
Ip,R3 =V, — I, R+ Vgc =0, (24f)
Iy, =Ic, + Ic,, (24g)

Ic, + Iry = IR, + 15, (24h)

Igp = I, + Ic,, (24i)



Iey, + I, =1, + Ic,

Ip =1Ig — Ic,

Vout = IR4R47

IC1 - _01V017

ICQ = C2V023

IC3 = C3VC37

IC4 = _C4VC47

VL1 = 7L1I'L17

Vi, = Lolp,.

Change of variables:
] Ve
x2 Ve, q1
3 Vo, q2
X = = ) = ‘/inv =V ’ =

x4 VC’4 U Yy out q a3
x5 Ir, q4
lze]  L1L, |

Under (25), equations (24a)—(24r) become:
T, — Lli‘5 — RZC5 — T2 = 0,

r9 + x4 — R1lR, =0,
Rilg, — q1 — Ralg, =0,
RolR, = s,
w— Rylp, — Rilp, =0,
R3Ipy — Loig — Rxe +q2 =0,
x5 = —Cydg + Coig,

—Cyty + Ipy = Ir, +q3 — qa,
. 1 .
q3 = Ip, + C323 = R + Csig,
2
—C121 + 26 = T5 + qa,

Yy=2xi.

From (26a):
. 1 1 R
By = o b~ s
Adding (26¢) and (26d):
Rilg, = q1 + w3,
then adding this to (26b):
To+ w4 —2x3—q =0.

VBE

(25)



From (28) and (26e):

1 1 1 1 1
IR1 — Ex3 + quv IR3 - 7R73‘T3 + Rig/u - Rigql (30)

Adding (26e) and (26f), alongside (30):

u— w3 —q) — Lotg — Rxg + g2 = 0, (31)
SO
T = —IL:U;), - lia:(; + L12u - ;ql + ;qg. (32)
From (26d) and (261):
iy = _R2103 r3 + 61,3%- (33)

From (26h) and (30):

= (o e ) g SR 1t = (34)
METN\RC TRy ) T Ry T\ Ry, T Ry )T T 0BT O

From (26g) and (34):

SO

. 1 n 1 + 1 n 1 1 n 1 1 n 1 (36)
To=—|—=— T3+ == U — - — —q4.
2 RiCy " RsCy ) 2T 0" T RaC RiCy " RsCy ) BT BT o

From (26j):

1 1 1
o= e — —aa. 37
1 ol 5 + c Z6 Cy q4 (37)

Additionally, using Kirchhoff’s voltage Law around Co—Cy—Vpr—C45 and around C1—Vpo—Cy—Cj:

q1 = T2 — T3 + T4, (38a)

g2 = —x1 + T2 + 4. (38b)
From (37), (36), (33), (34), (27), and (32), the state matrices are extracted as:

_ 1 1 -
0 0 1 0 1 0 _1071 o
0 - <R102 —f R302> 0 Cy 0
L]0 0 1—R203 1 0 0 | o
(z 01 — <R104 Rg,C4> 0 OR 0
fl *Lfl 01 0 *Lfl OR
I 0 0 —E 0 0 _fg_



- 0 I —
0 &
1 ( 1 1 ) 1 1
RsCy RiCy  R3C, 102 Co
0 -
B_ 1 ’ G— 0 0 A 0
R3Cy (1t + 1 o -+ L
0 R104 R304 C’4 04
1 0 0 0 0
| Lo | b 1
L Lo Lo 0 0 i

From (38a) and (38b) the linear constraint matrices are extracted as:

N U

0100 -11 0 1 0 O 0

From (6j), the output matrices are extracted as:

M=[1000 00, L=0 N=[00 0 0].

(39b)

(40)

(41)

These, alongside the nonlinear constraints (23a) and Jacobian (23b), define the complete model for

the Colpitts oscillator circuit.



